Sin-Gordon equation for Josephson junctions with arbitrary misaligned anisotropic banks is derived. As an application, the problem of Josephson vortices at twin planes of a Y-Ba-Cu-O-like material is considered. It is shown that for an arbitrary orientation of these vortices relative to the crystal axes of the banks, the junctions should experience a mechanical torque which is evaluated. This torque and its angular dependence may, in principle, be measured in small fields, since the flux penetration into twinned crystals begins with nucleation of Josephson vortices at twin planes. ͓S0163-1829͑99͒08925-0͔
I. INTRODUCTION
The high-T c superconductors are often used as polycrystals made of anisotropic grains touching each other with various degrees of crystallographic misalignment. As a rule, the contacts have Josephson properties. Hence, physical characteristics of Josephson junctions with misaligned anisotropic banks are of considerable interest. To our knowledge, the only publications on this subject were by one of us and were concerned with a relatively simple situation of a junction between perfectly aligned anisotropic superconductors. 1, 2 In this paper we consider two misaligned grains of the same uniaxial material forming a Josephson contact. The material is characterized by the dimensionless ''mass tensor'' with eigenvalues m a ϭm b Ͻm c which are normalized so that m a 2 m c ϭ1. The mass ratios are defined as m i /m k ϭ i 2 / k 2 , so that the actual penetration depths can be written as i ϭͱm i where ϭ( a 2 c ) 1/3 . The paper is organized as follows. We first consider aligned banks not only to establish notation and to demonstrate the approach; we have in mind a material of the Y-BaCu-O family which usually contains sets of nearly parallel twinning planes having Josephson properties. We show that the gauge-invariant phase difference still satisfies the sineGordon equation, however, the squared Josephson length acquires tensor properties which are discussed in detail. Next, the case of a general misalignment is treated and the tensor for the squared Josephson length is expressed in terms of mass tensors of the banks and their misalignment.
In twinned materials of the Y-Ba-Cu-O kind, in increasing from zero magnetic field, the first vortices entering material are usually situated on the twin planes and have Josephson properties. We consider the problem of a Josephson vortex between anisotropic grains and evaluate the torque which should act on the system of such vortices and via them on the sample. Although this torque is small, given recent developments in improving sensitivity of the torque magnetometry, 3 it is a measurable quantity, from which the Josephson characteristics of grain boundaries can, in principle, be extracted.
II. MAIN EQUATIONS

A. Aligned banks
Let us first consider the simplest possible situation: a Josephson junction with superconducting banks made of the same anisotropic material; m ik are the same on both sides and the banks are perfectly aligned. Moreover, let the axis y perpendicular to the junction plane xz be the principal direction, say b. Let us assume further that a Josephson vortex is directed at an angle relative to the crystal axis c. We choose the z axis along the vortex.
The 
with respect to to obtain the tunneling current j y in terms of along with the equation governing the phase; here 0 is the flux quantum and j c is the Josephson critical current density. For a straight vortex along z, all gauge-invariant quantities are z independent: the field components h x,z are functions of x and y, h y ϭ0, while depends only on x. We begin with the general expression for the London energy
and integrate the kinetic part by parts to obtain
where dSϭϮdx ŷ is an area element on two junction sides. This gives
per unit length in the z direction. Hereafter, H x,z (x) are the field components at the junction plane yϭ0; y is directed from the side 1 to the side 2 of the junction. The symbol ͓•••͔ denotes the difference of a quantity on two sides, e.g., ͓m xy ͔ϭm xy (2) Ϫm xy (1) . We now utilize the London equations
where is the phase of the order parameter. Also, we use the gauge A y ϭ0 and the continuity of the tangential component of the vector potential to obtain
here we introduced the phase difference ϭ͓͔, utilized the alignment, and the condition ͓ j y ͔ϭ0. Note that for the uniform along z solutions, the discontinuities of the tangential currents j x and j z at the junction are proportional to each other. Solving the system ͑8͒, ͑9͒ we obtain
Ј͑x͒,
͑10͒
where the property ͑2͒ has been used. With the help of Eqs. ͑8͒ and ͑9͒ the London energy takes the form
To make further progress one has to turn to the field and current distributions in the banks. Assume that
where the length J is the characteristic distance at which H ជ changes in the junction plane. The field is continuous at the junction plane yϭ0 whereas the tangential currents j x,z are not. One finds Thus, the London energy
We complement this with the Josephson energy ͑3͒ and minimize the sum with respect to the phase to obtain the result of Ref. 1:
where the length J is defined as 
B. Misaligned banks
Consider now a simple misalignment: the banks are made of identical materials with the axis b on both sides along y as before, but the a,c axes are rotated around b through different angles on two junction sides. We again look for vortex solutions uniform along the vortex direction z. The mass tensors on two sides are given by Eq. ͑1͒, however, the angles 1 2 . Equation ͑6͒ still holds, but in Eqs. ͑8͒ and ͑9͒ the components of m ik cannot be taken out of the square brackets denoting the differences between quantities enclosed on the two sides:
͓m zi j i ͔ϭ0; ͑31͒
note that the summation index iϭx,y,z can be replaced with the two-dimensional ͑2D͒ ␣ϭx,z because m ␣y ϭ0 on both sides. We now see that Eq. ͑11͒ holds, too. The field distribution in the bank yϾ0 is obtained replacing ͉y͉ and in Eqs. ͑14͒, ͑15͒ with y and 2 , whereas for yϽ0, ͉y͉→Ϫy and → 1 . Then, one obtains for the currents at the junction side yϭϩ0:
These relations can be written in a compact form with the help of the two-dimensional unit antisymmetric tensor e ␣␤ :
For the other side of the junction at yϭϪ0 we have
To proceed, we rewrite the system ͑30͒, ͑31͒ as 
This coincides with Eq. ͑21͒ in which
To have the following equations in a more symmetric form, we introduce a tensor q ϭϪe ␣ p ␣ ϭϪe ␣ ͕m ␣␤ ␤␥ ͖e ␥ ,
͑41͒
instead of the pseudotensor p ; a compelling reason for this is given below. Then
and proceeding as above we obtain the sine-Gordon equation for the phase:
For aligned banks ( 1 ϭ 2 ) this coincides with Eq. ͑22͒. To see this, note that in this case m and are the same on both sides and ͕m ␣␤ ␤␥ ͖ϭ2m ␣␤ ␤␥ . Then, p zx ϭϪ2m z␥ ␥z ϭϪ2(m a a sin 2 ϩm c c cos
2
) and det(p ␣␤ ) ϭ4m a a m c c ͑choose the principal axes to calculate this invariant͒.
C. General equation for the phase
We derive now an equation for the phase difference (x,z) which holds at the junction plane xz with no reference to a particular vortex solution. Since we no longer have uniformity in the z direction, Eq. ͑6͒ takes the form
Using the London relations ͑7͒ we obtain instead of Eq. ͑36͒:
The current distributions are still given by Eqs. ͑34͒, ͑35͒; the system ͑37͒ now reads
with the tensor p ␣␤ defined in Eq. ͑38͒. Solve this for H x,z and substitute the energy ͑44͒:
͑48͒
Since the scalar of energy cannot depend on the choice of coordinates, the coefficients by the derivatives of must form a tensor. This is the tensor q ␣␤ introduced above in Eq. Minimizing with respect to the sum of this energy with
III. JOSEPHSON VORTICES IN FLAT SAMPLES
A. Infinite slab
Consider an infinite thick slab with the z axis perpendicular to the slab surface and with a set of parallel Josephson contacts at planes yϭ0,Ϯd,Ϯ2d, . . . . Clearly, the system for which this model is relevant is a platelet of Y-Ba-Cu-O with a set of parallel twins. Let the magnetic field H ជ be applied in the plane xz of the junctions at an angle ␣ to the z axis. The fields of our interest are small enough so that only Josephson vortices are nucleated at the junctions while Abrikosov vortices are absent. For a general tilt ␣ of the applied field, the vortices are tilted as well at an angle ␤ still to be determined. We denote as N the line density of Josephson vortices at each junction so that the average magnetic induction is
The macroscopic boundary conditions for the slab geometry are
We utilize the first of these to obtain
whereas B x ϭB sin ␤ϭH z tan ␤. ͑55͒
Since we are interested in the limit of vanishing density N of vortices, we can disregard their interaction and write the Helmholtz free energy as
where the line energy ⑀ of a Josephson vortex is given in Eq. ͑29͒. With the help of Eq. ͑54͒ we write
where
We now turn to the thermodynamic potential which is minimum in equilibrium at a given H ជ . Given the boundary conditions ͑53͒, this potential is
Since ␦FϭH ជ
•␦B ជ /4, we have
i.e., the potential G is minimum indeed at fixed B z ,H x or H z ,H x . It is worth noting that in fact G is the Gibbs energy with a subtracted term B z H z /4ϭH z 2 /4 which is constant for the slab geometry.
Using Eqs. ͑59͒, ͑57͒, and ͑53͒ we obtain G͑H ជ ,␤ ͒ϭ H z 4 ͑ H 0 ͱkϩtan 2 ␤ϪH x tan ␤͒.
͑61͒
Minimization with respect to tan␤ yields the direction of vortices:
In terms of the angle ␥ϭ␣Ϫ/2 between the applied field and the ab plane, we have
This yields the torque for ␥Ӷ1:
Thus, as expected, the torque is continuous at ␥ϭ0 (␣ ϭ/2) where the sample is in the stable equilibrium. The torque is fast increasing in magnitude when ͉␥͉ increases.
The crossover between the regime described by Eqs. ͑66͒ and ͑67͒ takes place around ␥ m which can be roughly estimated by equating the torque given in Eq. ͑67͒ and that of Eq. ͑83͒:
The maximum torque then is 
